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Abstract: In this paper, the 𝐻∞ controller design problem is investigated for continuous networked control systems
(NCSs). Based on a switched system approach, we establish a novel NCSs model, by which the proposed 𝐻∞ controller
changes along with the system modes. By using Lyapunov stability theory and Wirtinger-based integral inequality,
sufficient conditions for the mean square stability and stabilization of the continuous networked control systems are
achieved. Finally, two simulation examples are exploited to demonstrate the correctness and effectiveness of the presented
controller design method.
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1 INTRODUCTION

Networked control systems(NCSs) is a kind of real-time
feedback control systems using communication networks
to close control loops. The applications of NCSs can be
found in many fields such as automobiles, aircrafts, HVAC
systems automation, robotics, manufacturing and indus-
trial process control[1, 2, 3, 4]. The NCSs based on a
switched approach introduce some random variables on the
basis of NCSs. In this class of systems, the NCSs is mod-
eled as a switched system and it is significant for us to
know the probability of a switched system staying in every
subsystem because it has an impact on the whole system
performance[5]. Compared with the transition probabilities
in Markovian jump systems, the probability of a networked
stochastic switched system staying in every subsystem is
easier to obtain. Therefore, it is necessary to study the per-
formance of networked control systems by using switched
system method.
Over the past few decades, this kind of approach has been
put forward in[6] and the problem of multiple packet trans-
mission with this method has been studied. Many re-
searchers described the networked control systems with
packet loss by the method of switched systems[6],[7],[8].
In[9], Xie analyzed robust stability of a class of discrete-
time uncertain switched systems. Besides, when the con-
sidered systems are discrete switched system with time de-
lay, the investigations can be seen in [7],[10]. Meanwhile,
the study of stability analysis and control for uncertain
switched system has been proposed in [11],[12]. The prob-
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lem of 𝐻∞ output tracking control for networked control
systems with random time delays and system uncertainties
is investigated in[13]. Stabilization problems of networked
control systems (NCSs) with bounded packet losses and
random transmission delays are addressed in[14] and [15],
they modeled such NCSs as a class of switched systems.
[16] modeled the NCS with time-varying transmission in-
tervals as a discrete-time switched linear uncertain system
and then obtained bounds for the allowable range of trans-
mission intervals in terms of both minimal and maximal al-
lowable transmission intervals. However, most researchers
focus on study of discrete-time networked control systems
and the researches on continuous networked control sys-
tems with time-varying delay based on switched systems
are seldom found. As a result, it still remain challenging.

In this paper, we mainly study the problem of stability anal-
ysis and 𝐻∞ controller design for continuous networked
control systems with time-varying delay in a switched sys-
tem method. So, when the system model changes, the de-
sign of 𝐻∞ controllers for each subsystems also switch
accordingly. Moreover, Wirtinger-based integral inequal-
ity which can reduce the conservatism is cited[17]and a
numerical example is applied to demonstrate it. Mean-
while, it is challenging that Wirtinger-based integral in-
equality is used in 𝐻∞ controller design for continuous
networked control systems based on a switched system
approach. Then in section 3, we get the linear matrix
equalities(LMIs) which make the networked control sys-
tems mean square stable with a 𝐻∞ norm bound 𝛾 and de-
sign the 𝐻∞ controller by applying Lyapunov functional
approach and switched systems method. In section 4, we
show that it is more effective to use the suggested method
than other methods by two numerical examples and simu-
lation figures. At last, in section 5, the conclusion is ob-
tained.
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𝑁𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠: Throughout this paper, the notation 𝑍+ rep-
resents positive integer set and ℝ

𝑛 represents the 𝑛-
dimensional Euclidean space. The notation 𝑆 > 0(𝑆 < 0)
is used to denote a positive definite(negative definite) ma-
trix. ∥ ⋅ ∥ denotes the spectral norms of matrices or the
Euclidean norm for vectors. 𝐸[⋅] represents mathematical
expectation and 𝑟(𝑡) represents switching variable. 𝐼 de-
notes the identity matrix. In symmetric block matrices, ∗ is
used as ellipsis for terms induced by symmetry and for any

square matrices 𝐴 and 𝐵, we define diag{A,B}=
[
𝐴 ∗
0 𝐵

]
.

2 PRELIMINARIES

In this section, a switched system approach is proposed,
which apply to stability analysis for continuous networked
control systems with time-varying delay. Then an assump-
tion and two lemmas are given, which are helpful to 𝐻∞
stability analysis and controller design. In non-ideal con-
ditions, the continuous networked control system will be
affected by the external interference factors, so the con-
tinuous networked control system with time-varying delay
based on a switched system approach can be represented
as:{

�̇�(𝑡) = 𝐴𝜎(𝑡)𝑥(𝑡) + 𝐵𝜎(𝑡)𝑢(𝑡) + 𝐷𝜎(𝑡)𝜔(𝑡)
𝑧(𝑡) = 𝐶𝜎(𝑡)𝑥(𝑡)

(1)

where 𝑥(𝑡) ∈ ℝ
𝑛 is the state vector, 𝑢(𝑡) ∈ ℝ

𝑛 is the
control input, 𝜔(𝑡) ∈ ℓ2[0,∞) is disturbance input vector,
𝑧(𝑡) ∈ ℝ

𝑚 is controlled output vector,In this paper, the
sampling period of NCSs is ℎ, 𝑖𝑘(𝑘 = 1, 2, 3...) are some
positive integers such that {𝑖1, 𝑖2, 𝑖3, ...} ⊂ {0, 1, 2, ...}. 𝜏𝑘
is the 𝑖𝑘th packet’s transmission time and 𝜎(𝑡) is a switch-
ing signal which is right continuous. Then the follow-
ing networked state feedback controller is designed like
this: 𝑢(𝑡+) = 𝐾𝜎(𝑡)𝑥(𝑖𝑘ℎ), 𝑡 ∈ {𝑖𝑘ℎ + 𝜏𝑘, 𝑘 = 1, 2, ...},
where 𝐾𝜎(𝑡) is controller gain to be determined. Define
𝜂(𝑡) = 𝑡− 𝑖𝑘ℎ, 𝑡 ∈ [𝑖𝑘ℎ+ 𝜏𝑘, 𝑖𝑘+1ℎ+ 𝜏𝑘+1) which stands
for time-varying delay of this system and there are 𝜂𝑚 and
𝜂𝑀 which make 𝜂𝑚 ≤ 𝜂(𝑡) ≤ 𝜂𝑀 . Then the controller for
system(1) can be represented as 𝑢(𝑡) = 𝐾𝜎(𝑡)𝑥(𝑡 − 𝜂(𝑡)).
So, the system (1) can be changed to:
⎧⎨
⎩

�̇�(𝑡) = 𝐴𝜎(𝑡)𝑥(𝑡) + 𝐵𝜎(𝑡)𝐾𝜎(𝑡)𝑥(𝑡− 𝜂(𝑡))

+ 𝐷𝜎(𝑡)𝜔(𝑡), 𝑡 ∈ [𝑖𝑘ℎ + 𝜏𝑘, 𝑖𝑘+1ℎ + 𝜏𝑘+1)

𝑧(𝑡) = 𝐶𝜎(𝑡)𝑥(𝑡)

𝑥(𝑡) = 𝜙(𝑡), 𝑡 ∈ [𝑡0 − 𝜂𝑀 , 𝑡0 − 𝜂𝑚]

(2)

where the delay function 𝜂(𝑡) is unknown and time-
varying, 𝜙(𝑡) is the initial condition of state. Because in
(2), 𝜎(𝑡) is a switching variable, for 𝜎(𝑡) = 𝑖(𝑖 ∈ Ω =
1, 2, ..., 𝑁), 𝐴𝑖, 𝐵𝑖, 𝐶𝑖, 𝐷𝑖 are constant matrix with appro-
priate dimensions of the 𝑖th subsystem and 𝐾𝑖 is the state
feedback controller gain of the 𝑖th subsystem to be de-
signed.
For facilitating theoretical development, we make the fol-
lowing assumption which is common in using a switched
system approach.

Assumption 1 In this paper, the probability of a contin-
uous networked control system staying in each subsystem

is assumed to be known, that is to say, 𝑃𝑟{𝜎(𝑡) = 𝑖∣𝑡 ∈
𝑍+, 𝑖 ∈ Ω = 1, 2, ..., 𝑁} = �̄�𝑖, where �̄�𝑖 ∈ [0, 1] and �̄�𝑖
represents the probability of a continuous networked con-
trol system staying in 𝑖th subsystem. Assuming that a set of
stochastic variable 𝛼𝑖(𝑡) are defined as

𝛼𝑖(𝑡) =

{
1, 𝜎(𝑡) = 𝑖

0, 𝜎(𝑡) ∕= 𝑖

So, we can see that the expectation of 𝛼𝑖(𝑡) is �̄�𝑖. 𝛼𝑖(𝑡) and
�̄�𝑖 satisfy

∑𝑁
𝑖=1 𝛼𝑖(𝑡) = 1,

∑𝑁
𝑖=1 �̄�𝑖 = 1.

Remark 1 The �̄�𝑖 can be obtained through statistical
method like this: �̄�𝑖 = lim𝑎→∞ 𝑘𝑖

𝑎 , where 𝑘𝑖 is the times of
𝜎(𝑎) = 𝑖 in the interval [1, 𝑎], 𝑎 ∈ 𝑍+.

Remark 2 Similar to [18], it is also assumed that 𝛼𝑖(𝑡) in
assumption 1 is a Bernoulli-distributed sequence. Notice
that the variance of 𝛼𝑖(𝑡) is 𝐷{𝛼𝑖(𝑡)} = �̄�𝑖(1− �̄�𝑖).

Based on the above assumption, the model of the contin-
uous networked control system which contains 𝑁 subsys-
tems can be written as:
⎧⎨
⎩

�̇�(𝑡) =
𝑁∑
𝑖=1

𝛼𝑖(𝑡)[𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝐾𝑖𝑥(𝑡− 𝜂(𝑡))

+ 𝐷𝑖𝜔(𝑡)], 𝑡 ∈ [𝑖𝑘ℎ + 𝜏𝑘, 𝑖𝑘+1ℎ + 𝜏𝑘+1)

𝑧(𝑡) =
𝑁∑
𝑖=1

𝛼𝑖(𝑡)𝐶𝑖𝑥(𝑡)

𝑥(𝑡) = 𝜙(𝑡), 𝑡 ∈ [𝑡0 − 𝜂𝑀 , 𝑡0 − 𝜂𝑚]

(3)

For the convenience of proof of stability for continuous net-
worked control systems with time-varying delay, we refer
to the following two lemmas.

Lemma 1 [17] For given positive integers n,m,a scalar 𝛼
in the interval (0, 1), a given 𝑛 × 𝑛 − 𝑚𝑎𝑡𝑟𝑖𝑥𝑅 > 0,
two matrices 𝑊1 and 𝑊2 in ℝ

𝑛×𝑚. Define, for all vec-
tor 𝜉 in ℝ

𝑚, the function Θ(𝛼,𝑅) given by: Θ(𝛼,𝑅) =
1
𝛼𝜉

𝑇𝑊𝑇
1 𝑅𝑊1𝜉 + 1

1−𝛼𝜉
𝑇𝑊𝑇

2 𝑅𝑊2𝜉

Then, if there exists a matrix 𝐻 in ℝ
𝑛×𝑛 such that[

𝑅 𝐻
∗ 𝑅

]
> 0,then the following inequality holds

min
𝛼∈(0,1)

Θ(𝛼,𝑅) ≥
[
𝑊1𝜉
𝑊2𝜉

]𝑇 [
𝑅 𝐻
∗ 𝑅

] [
𝑊1𝜉
𝑊2𝜉

]
.

This lemma will be useful to obtain stability conditions for
continuous networked control systems with time-varying
delays.

Lemma 2 [17] For a given 𝑛 × 𝑛-matrix 𝑅 > 0, the fol-
lowing inequality holds for all continuously differentiable
function 𝑥 in [𝑎, 𝑏]→ ℝ

𝑛 :∫ 𝑏
𝑎
�̇�𝑇 (𝑢)𝑅�̇�(𝑢)𝑑𝑢 ≥ 1

𝑏−𝑎 (𝑥(𝑏)−𝑥(𝑎))𝑇𝑅(𝑥(𝑏)−𝑥(𝑎))+
3
𝑏−𝑎 Ω̃𝑇𝑅Ω̃,

where Ω̃ = 𝑥(𝑏) + 𝑥(𝑎)− 2
𝑏−𝑎
∫ 𝑏
𝑎
𝑥(𝑢)𝑑𝑢.
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3 𝐻∞ STABILITY ANALYSIS and CON-
TROLLER DESIGN

In this section, we will mainly study 𝐻∞ stability anal-
ysis and controller design of system (3). First of all, we
will develop theorem1 for the system (4) and then when the
continuous networked control system only has one subsys-
tem, the corollary is developed in section 3.1. At last, the
𝐻∞ controller for the continuous networked control sys-
tem which is based on a switched system approach is de-
signed in section 3.2.
To facilitate the research, in system (3), we can define

𝒜𝑖 =
[
𝐴𝑖 𝐵𝑖𝐾𝑖 0 0 0 𝐷𝑖

]
,

𝜁(𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

𝑥(𝑡)
𝑥(𝑡− 𝜂(𝑡))
𝑥(𝑡− 𝜂𝑀 )

1
𝜂(𝑡)

∫ 𝑡
𝑡−𝜂(𝑡) 𝑥(𝑠)𝑑𝑠

1
𝜂𝑀−𝜂(𝑡)

∫ 𝑡−𝜂(𝑡)
𝑡−𝜂𝑀 𝑥(𝑠)𝑑𝑠

𝜔(𝑡)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

𝑇

,

Then, combing the above formula which we have defined
with system (3), we can get the following system’s equa-
tions:

⎧⎨
⎩

�̇�(𝑡) =
𝑁∑
𝑖=1

𝛼𝑖(𝑡)𝒜𝑖𝜁(𝑡),

𝑡 ∈ [𝑖𝑘ℎ + 𝜏𝑘, 𝑖𝑘+1ℎ + 𝜏𝑘+1)

𝑧(𝑡) =
𝑁∑
𝑖=1

𝛼𝑖(𝑡)𝐶𝑖𝑥(𝑡)

𝑥(𝑡) = 𝜙(𝑡), 𝑡 ∈ [𝑡0 − 𝜂𝑀 , 𝑡0 − 𝜂𝑚]

(4)

Remark 3 Define the𝒜𝑖 and 𝜁(𝑡) like this is for the conve-
nience of using Lyapunov functional method. In addition,
in the following proof of theorem 1, we will divide the in-
tegral [𝑡 − 𝜂𝑀 , 𝑡] into two parts [𝑡 − 𝜂𝑀 , 𝑡 − 𝜂(𝑡)] and
[𝑡− 𝜂(𝑡), 𝑡].

In this section, our main purpose is designing 𝐻∞ con-
troller and make the two conditions establish in this fol-
lowing definition.

Definition 1 System (4) is robust mean square stable with
a 𝐻∞ norm bound 𝛾 if the following hold:
(1) When 𝜔(𝑡) = 0, system (4) is robust mean square sta-
ble;
(2) For a scalar 𝛾 > 0 and zero initial condition, 𝑧(𝑘)
satisfies 𝐸{∑∞

𝑡=0 ∥𝑧(𝑡)∥2} ≤ 𝛾𝐸{∑∞
𝑡=0 ∥𝜔(𝑡)∥2}

3.1 Stability Analysis

According to the above analysis, now the stability condi-
tions of the continuous networked control system (4) will
be given.

Theorem 1 For a given positive constant 𝛾 and matrices
𝐾𝑖(𝑖 ∈ Ω), assume that there exist matrices 𝑃 > 0, 𝑄 > 0,

𝑅 > 0 and 𝐻 such that the following LMIs is satisfied for
𝜂(𝑡) ∈ {𝜂𝑚, 𝜂𝑀}

Ψ1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ11 ∗ ∗ ∗ ∗ ∗ ∗
Ξ21 Ξ22 ∗ ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗ ∗
Ξ41 Ξ42 Ξ43 Ξ44 ∗ ∗ ∗
Ξ51 Ξ52 Ξ53 Ξ54 Ξ55 ∗ ∗
Ξ61 0 0 0 0 −𝛾2𝐼 ∗
Ξ71 Ξ72 0 0 0 Ξ76 Ξ77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (5)

[
�̂� 𝐻

∗ �̂�

]
> 0, (6)

where

Ξ11 = �̄�𝑖𝐴
𝑇
𝑖 𝑃 + �̄�𝑖𝑃𝐴𝑖 + 𝑄− 4

𝜂𝑀
𝑅 + �̄�𝑖𝐶

𝑇
𝑖 𝐶𝑖,

Ξ21 = �̄�𝑖𝐾
𝑇
𝑖 𝐵

𝑇
𝑖 𝑃 −

1

𝜂𝑀
(2𝑅 + 𝐻1 + 𝐻2 + 𝐻𝑇

2 + 𝐻3),

Ξ22 = − 1

𝜂𝑀
(8𝑅− 2𝐻1 + 2𝐻3), �̂� = 𝑑𝑖𝑎𝑔{𝑅, 3𝑅},

Ξ31 = − 1

𝜂𝑀
(−𝐻1 + 𝐻2 −𝐻𝑇

2 + 𝐻3),

Ξ32 = − 1

𝜂𝑀
(2𝑅 + 𝐻1 −𝐻2 −𝐻𝑇

2 + 𝐻3),

Ξ33 = −𝑄− 4

𝜂𝑀
𝑅,Ξ41 =

6

𝜂𝑀
𝑅,

Ξ42 =
1

𝜂𝑀
(6𝑅 + 2𝐻2 + 2𝐻3),Ξ43 = − 1

𝜂𝑀
(2𝐻2 − 2𝐻3),

Ξ44 = − 12

𝜂𝑀
𝑅,Ξ51 =

1

𝜂𝑀
(2𝐻2 + 2𝐻3),

Ξ52 = − 1

𝜂𝑀
(2𝐻2 − 2𝐻3 − 6𝑅),Ξ53 =

6

𝜂𝑀
𝑅,

Ξ54 = − 4

𝜂𝑀
𝐻3,Ξ55 = − 12

𝜂𝑀
𝑅,Ξ61 = �̄�𝑖𝐷

𝑇
𝑖 𝑃,

Ξ71 = �̄�𝑖𝜂𝑀𝑅𝐴𝑖,Ξ72 = �̄�𝑖𝜂𝑀𝑅𝐵𝑖𝐾𝑖,Ξ76 = �̄�𝑖𝜂𝑀𝑅𝐷𝑖,

Ξ77 = −𝜂𝑀 �̄�𝑖𝑅,𝐻 =

[
𝐻1 ∗
𝐻2 𝐻3

]
.

Then the system (4) is mean square stable with an 𝐻∞
norm bound 𝛾 for all delay function 𝜂(𝑡).

Proof: Consider the functional given by

𝑉 (𝜂, 𝑥𝑡, �̇�𝑡) = 𝑥𝑇 (𝑡)𝑃𝑥(𝑡) +

∫ 𝑡
𝑡−𝜂𝑀

𝑥𝑇 (𝑠)𝑄𝑥(𝑠)𝑑𝑠

+

∫ 0

−𝜂𝑀

∫ 𝑡
𝑡+𝑠

�̇�𝑇 (𝑣)𝑅�̇�(𝑣)𝑑𝑣𝑑𝑠,

This functional is positive definite since 𝑃 > 0, 𝑄 > 0,
and 𝑅 > 0. The expectation is

𝐸{ℒ(𝑉 ) + 𝑧𝑇 (𝑡)𝑧(𝑡)− 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡)}
= 𝐸{2𝑥𝑇 (𝑡)𝑃 �̇�(𝑡) + 𝑥𝑇 (𝑡)𝑄𝑥(𝑡)

− 𝑥𝑇 (𝑡− 𝜂𝑀 )𝑄𝑥(𝑡− 𝜂𝑀 ) + 𝜂𝑀 �̇�𝑇 (𝑡)𝑅�̇�(𝑡)

−
∫ 𝑡
𝑡−𝜂𝑀

�̇�𝑇 (𝑠)𝑅�̇�(𝑠)𝑑𝑠

+ 𝑧𝑇 (𝑡)𝑧(𝑡)− 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡)} (7)
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Note that

𝐸{𝛼𝑖(𝑡)𝛼𝑖(𝑡)} = 𝐸{𝛼2
𝑖 (𝑡)} = 𝐷{𝛼𝑖(𝑡)}+ 𝐸{𝛼𝑖(𝑡)}2

= �̄�𝑖(1− �̄�𝑖) + �̄�2
𝑖 = �̄�𝑖

then (7) can be changed to

𝐸{ℒ(𝑣) + 𝑧𝑇 (𝑡)𝑧(𝑡)− 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡)}

= 𝐸{
𝑁∑
𝑖=1

�̄�𝑖𝜁
𝑇 (𝑡)𝒜𝑇𝑖 𝑃𝑥(𝑡) +

𝑁∑
𝑖=1

�̄�𝑖𝑥
𝑇 (𝑡)𝑃𝒜𝑖𝜁𝑇 (𝑡)

+ 𝑥𝑇 (𝑡)𝑄𝑥(𝑡)− 𝑥𝑇 (𝑡− 𝜂𝑀 )𝑄𝑥(𝑡− 𝜂𝑀 )

−
∫ 𝑡
𝑡−𝜂𝑀

�̇�𝑇 (𝑠)𝑅�̇�(𝑠)𝑑𝑠 +
𝑁∑
𝑖=1

�̄�𝑖𝑥
𝑇 (𝑡)𝐶𝑇𝑖 𝐶𝑖𝑥(𝑡)

− 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡) + 𝜂𝑀

𝑁∑
𝑖=1

�̄�𝑖𝜁
𝑇 (𝑡)𝒜𝑇𝑖 𝑅𝒜𝑖𝜁(𝑡)} (8)

First of all, we deal with the item of integral∫ 𝑡
𝑡−𝜂𝑀 �̇�𝑇 (𝑠)𝑅�̇�(𝑠)𝑑𝑠 and dividing the integral into

two integrals, which including [𝑡 − 𝜂𝑀 , 𝑡 − 𝜂(𝑡)] and
[𝑡− 𝜂(𝑡), 𝑡]. Then, applying Lemma 1 to two integrals. So,
it yields

−
∫ 𝑡
𝑡−𝜂𝑀

�̇�𝑇 (𝑠)𝑅�̇�(𝑠)𝑑𝑠

≤ −𝜁𝑇 (𝑡)(
1

𝜂(𝑡)
𝐹𝑇1 �̂�𝐹1 +

1

𝜂𝑀 − 𝜂(𝑡)
𝐹𝑇2 �̂�𝐹2)𝜁(𝑡) (9)

where

𝐹1 =

[
𝐼 −𝐼 0 0 0 0
𝐼 𝐼 0 −2𝐼 0 0

]
,

𝐹2 =

[
0 𝐼 −𝐼 0 0 0
0 𝐼 𝐼 0 −2𝐼 0

]
.

Then, applying Lemma 2,we can see that if there exists a

matrix 𝐻 ∈ ℝ
𝑛×𝑛 such that

[
�̂� 𝐻

∗ �̂�

]
> 0, it will yield

1

𝜂(𝑡)
𝐹𝑇1 �̂�𝐹1 +

1

𝜂𝑀 − 𝜂(𝑡)
𝐹𝑇2 �̂�𝐹2

=
1

𝜂𝑀
[

1

𝜂(𝑡)/𝜂𝑀
𝐹𝑇1 �̂�𝐹1 +

1

[1− 𝜂(𝑡)]/𝜂𝑀
𝐹𝑇2 �̂�𝐹2]

≥ 1

𝜂𝑀

[
𝐹1

𝐹2

]𝑇 [
�̂� 𝐻

∗ �̂�

] [
𝐹1

𝐹2

]
(10)

So, combining the inequality (9) and (10),
we can obtain − ∫ 𝑡

𝑡−𝜂𝑀 �̇�𝑇 (𝑠)𝑅�̇�(𝑠)𝑑𝑠 ≤

− 1
𝜂𝑀

𝜁𝑇 (𝑡)

[
𝐹1

𝐹2

]𝑇 [
�̂� 𝐻

∗ �̂�

] [
𝐹1

𝐹2

]
𝜁(𝑡).

Then, using Schur complement in the right side of equality
(8), it yields⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ11 ∗ ∗ ∗ ∗ ∗ ∗
Ξ21 Ξ22 ∗ ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗ ∗
Ξ41 Ξ42 Ξ43 Ξ44 ∗ ∗ ∗
Ξ51 Ξ52 Ξ53 Ξ54 Ξ55 ∗ ∗
Ξ61 0 0 0 0 −𝛾2𝐼 ∗
𝐴𝑖 𝐵𝑖𝐾𝑖 0 0 0 𝐷𝑖 Ξ̌77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (11)

where Ξ̌77 = −𝜂−1
𝑀 �̄�−1

𝑖 𝑅−1, then pre- and post-multiple
both sides of matrix with diag {𝐼, 𝐼, 𝐼, 𝐼, 𝐼, 𝐼, 𝑅} and its
transpose, then pre- and post-multiple with 𝜂𝑀 and �̄�𝑖.
Then the inequality below can be obtained: 𝐸{ℒ(𝑉 ) +
𝑧𝑇 (𝑡)𝑧(𝑡) − 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡)} ≤ 𝐸{𝜁𝑇 (𝑡)Ψ1𝜁(𝑡)}. Finally,
𝐸{𝜁𝑇 (𝑡)Ψ1𝜁(𝑡)} ≤ 0 if there exists a matrix 𝐻 such that[
�̂� 𝐻

∗ �̂�

]
> 0 and if Ψ1 < 0.Under zero initial conditions,

when 𝑡 → ∞ and recalling Definition 1, the proof is com-
pleted.
Theorem 1 analyze the stability of continuous networked
control system (4) by using Lyapunov functional method
and a switched system approach. And according to the
above analysis, the following corollary is concluded. In
inequality (5), letting �̄�𝑖 = 1, the Theorem 1 is still estab-
lish.

Corollary 1 For a given positive constant 𝛾 and a matrix
𝐾, assume that there exist matrices 𝑃 > 0, 𝑄 > 0, 𝑅 > 0
and 𝐻 such that the following LMIs is satisfied for 𝜂(𝑡) ∈
{𝜂𝑚, 𝜂𝑀}
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ̄11 ∗ ∗ ∗ ∗ ∗ ∗
Ξ̄21 Ξ22 ∗ ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗ ∗
Ξ41 Ξ42 Ξ43 Ξ44 ∗ ∗ ∗
Ξ51 Ξ52 Ξ53 Ξ54 Ξ55 ∗ ∗
𝐷𝑇
𝑖 𝑃 0 0 0 0 −𝛾2𝐼 ∗

Ξ̄71 Ξ̄72 0 0 0 Ξ̄76 −𝜂𝑀𝑅

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0, (12)

[
�̂� 𝐻

∗ �̂�

]
> 0 (13)

where

Ξ̄11 = 𝐴𝑇𝑃 + 𝑃𝐴 + 𝑄− 4

𝜂𝑀
𝑅 + 𝐶𝑇𝐶,

Ξ̄21 = 𝐾𝑇𝐵𝑇𝑃 − 1

𝜂𝑀
(2𝑅 + 𝐻1 + 𝐻2 + 𝐻𝑇

2 + 𝐻3),

Ξ̄71 = 𝜂𝑀𝑅𝐴, Ξ̄72 = 𝜂𝑀𝑅𝐵𝐾, Ξ̄76 = 𝜂𝑀𝑅𝐷.

Then the continuous networked control system is mean
square stable with an 𝐻∞ norm bound 𝛾 for all delay func-
tion 𝜂(𝑡).

The proof is similar to theorem 1, it is omitted for brevity.

3.2 𝐻∞ Controller Design

In this section, the 𝐻∞ controller for the continuous net-
worked control system with time-varying delay will be de-
signed.

Theorem 2 For some given positive constants 𝛾 and 𝜀0,
assume that there exist matrices 𝑃 > 0, �̃� > 0, �̃� > 0
and �̃� such that the following LMIs is satisfied for 𝜂(𝑡) ∈
{𝜂𝑚, 𝜂𝑀}

Ψ2 =

[
Θ11 ∗

�̄�𝑖𝐶𝑖𝑋 −�̄�𝑖𝐼
]
< 0 (14)

[
�̌� �̃�
∗ �̌�

]
> 0 (15)
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where

Θ11 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ̃11 ∗ ∗ ∗ ∗ ∗ ∗
Ξ̃21 Ξ̃22 ∗ ∗ ∗ ∗ ∗
Ξ̃31 Ξ̃32 Ξ̃33 ∗ ∗ ∗ ∗
Ξ̃41 Ξ̃42 Ξ̃43 Ξ̃44 ∗ ∗ ∗
Ξ̃51 Ξ̃52 Ξ̃53 Ξ̃54 Ξ̃55 ∗ ∗
Ξ̃61 0 0 0 0 −𝛾2𝐼 ∗
Ξ̃71 Ξ̃72 0 0 0 Ξ̃76 Ξ̃77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ξ̃11 = �̄�𝑖𝑋𝐴𝑇𝑖 + �̄�𝑖𝐴𝑖𝑋 + �̃�− 4

𝜂𝑀
�̃�,

Ξ̃21 = �̄�𝑖𝑌
𝑇
𝑖 𝐵𝑇

𝑖 −
1

𝜂𝑀
(2�̃� + �̃�1 + �̃�2 + �̃�𝑇

2 + �̃�3),

Ξ̃22 = − 1

𝜂𝑀
(8�̃�− 2�̃�1 + 2�̃�3), �̃� =

[
�̃�1 ∗
�̃�2 �̃�3

]

Ξ̃31 = − 1

𝜂𝑀
(−�̃�1 + �̃�2 − �̃�𝑇

2 + �̃�3),

Ξ̃32 = − 1

𝜂𝑀
(2�̃� + �̃�1 − �̃�2 − �̃�𝑇

2 + �̃�3),

Ξ̃33 = −�̃�− 4

𝜂𝑀
�̃�, Ξ̃41 =

6

𝜂𝑀
�̃�, �̌� = 𝑑𝑖𝑎𝑔{�̃�, 3�̃�}

Ξ̃42 =
1

𝜂𝑀
(6�̃� + 2�̃�2 + 2�̃�3), Ξ̃43 = − 1

𝜂𝑀
(2�̃�2 − 2�̃�3),

Ξ̃44 = − 12

𝜂𝑀
�̃�, Ξ̃51 =

1

𝜂𝑀
(2�̃�2 + 2�̃�3),

Ξ̃52 = − 1

𝜂𝑀
(2�̃�2 − 2�̃�3 − 6�̃�), Ξ̃53 =

6

𝜂𝑀
�̃�,

Ξ̃54 = − 4

𝜂𝑀
�̃�3, Ξ̃55 = − 12

𝜂𝑀
�̃�, Ξ̃61 = �̄�𝑖𝐷

𝑇
𝑖 ,

Ξ̃71 = �̄�𝑖𝜂𝑀𝐴𝑖𝑋, Ξ̃72 = �̄�𝑖𝜂𝑀𝐵𝑖𝑌𝑖, Ξ̃76 = �̄�𝑖𝜂𝑀𝐷𝑖,

Ξ̃77 = �̄�𝑖𝜂𝑀 (−2𝜀0𝑋 + 𝜀20�̃�).

Then the system (3) is robust mean square stable with a𝐻∞
norm bound 𝛾 for all delay function 𝜂(𝑡) and the controller
feedback gains 𝐾𝑖 = 𝑌𝑖𝑋

−1.

Proof: First of all, pre- and post-multiply both sides of
(11) with diag {𝐼, 𝐼, 𝐼, 𝐼, 𝐼, 𝐼, 𝑃} and its transpose, then it
yields⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ11 ∗ ∗ ∗ ∗ ∗ ∗
Ξ21 Ξ22 ∗ ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗ ∗
Ξ41 Ξ42 Ξ43 Ξ44 ∗ ∗ ∗
Ξ51 Ξ52 Ξ53 Ξ54 Ξ55 ∗ ∗
Ξ61 0 0 0 0 −𝛾2𝐼 ∗
𝑃𝐴𝑖 𝑃𝐵𝑖𝐾𝑖 0 0 0 𝑃𝐷𝑖 Ξ̂77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (16)

where Ξ̂77 = −𝜂−1
𝑀 �̄�−1

𝑖 𝑃𝑅−1𝑃,

then letting 𝑋 = 𝑃−1,𝑋𝑅𝑋 = �̃�,𝑋𝐻1𝑋 =
�̃�1,𝑋𝐻2𝑋 = �̃�2,𝑋𝐻3𝑋 = �̃�3,𝑋𝑄𝑋 = �̃� and 𝑌𝑖 =
𝐾𝑖𝑋.
Due to

(𝜀𝑖𝑅𝑖 − 𝑃𝑖)𝑅
−1
𝑖 (𝜀𝑖𝑅𝑖 − 𝑃𝑖) ≥ 0

where 𝜀𝑖 is a given positive constant, then it is true that

−𝑃𝑖𝑅−1
𝑖 𝑃𝑖 ≤ −2𝜀𝑖𝑃𝑖 + 𝜀2𝑖𝑅𝑖 (17)

Subsequently, combining (16), (17) and Theorem
1 and pre- and post-multiply both sides with diag
{X,X,X,X,X,I,X,I,I} and its transpose. Finally, based on
the analysis above, using Schur complement, the matrix
inequality (14) and (15) can be easily obtained from (5)
and (6). This completes the proof.

4 EXAMPLES

In this section, two examples are given to demonstrate the
effectiveness of the derived design method.
𝐸𝑥𝑎𝑚𝑝𝑙𝑒1 : When �̄�𝑖 = 1, consider the continuous
networked control system (3) with the matrices taken
from[19]:

𝐴 =

[
0 1
1 −0.1

]
, 𝐵𝐾 =

[
0 0

−0.375 −1.15

]
,

𝐶 =
[
0 1
]
, 𝐷 =

[
0.1
0.1

]

For a given scalar 𝛾 = 0.87 , 𝜂𝑚 = 0, when using the
method of [19], the maximal allowable transmission inter-
vals 𝜂𝑀 = 0.8695. However, when using the Corollary 1
in this paper, the maximal allowable transmission intervals
is obtained: 𝜂𝑀 = 0.9467. Obviously, comparing with the
approach of [19], using the proposed method in this paper
can reduce the conservatism of the system.
𝐸𝑥𝑎𝑚𝑝𝑙𝑒2 : Consider an networked control system of (3)

𝐴1 =

[
1.1 −0.24
0.39 0.61

]
, 𝐴2 =

[
0.47 0
0.25 0.53

]
,

𝐵1 =

[
0.6 0.1
0.2 0.4

]
, 𝐵2 =

[
0.3 0.2
0.2 0.1

]
, 𝐶1 =

[
1 2
0 0.5

]
,

𝐶2 =

[
1 0.2
0 1

]
, 𝐷1 = 𝐷2 =

[
0.1
0.5

]

When the probabilities of a networked control system stay-
ing in two subsystems are known, for a given scalar 𝜀0 = 1
and �̄�1 = 0.3,�̄�2 = 0.7,𝜂𝑚 = 0,𝜂𝑀 = 0.39, the max-
imum 𝐻∞ performance is obtained as 𝛾𝑚𝑖𝑛 = 12.07 by
using Theorem 3. Meanwhile, we can obtain the controller
feedback gains as follows:

𝐾1 =

[−6.9559 5.9823
0.4463 −5.1865

]
,𝐾2 =

[
5.2610 −21.0805
−7.8375 16.5099

]
.

For initial state 𝜙(𝑡) = [−0.5; 1] and disturbance input
𝜔(𝑡) = 𝑒−𝑡𝑠𝑖𝑛(𝜋𝑡), the state response curves of system
(3) and the switching sequence between the two subsys-
tems and can be shown in Figures 1 and 2. From the sim-
ulation results, it can be concluded that by using the pro-
posed method, the designed controller feedback gains can
guarantee the required system performance of continuous
networked control system with time-varying delay.

5 CONCLUSION

In this paper, the 𝐻∞ controller design for continuous
networked control system with time-varying delay with a
switched system approach is investigated. By constructing
a suitable mathematical model of networked control system
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Figure 1: The state response of the system with (3)
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Figure 2: A switching sequence

and using Lyapunov functional method, a 𝐻∞ stabilization
criterion is obtained. Meanwhile, the maximum allowable
delay of the networked control system with time-varying
delay is also obtained. In the end, the effectiveness and
correctness of the proposed method is demonstrated by two
numerical examples and simulation.
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